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Chapter 1: Real numbers, foundations

Assume there’s a set R that satisfies the following four postulates.

Postulate 1 (The Field Axioms)

There are two operators on R x R, + and - such that

e (A) Axioms for addition

(a) (The closure property) If a € R, b € R, thena+b € R.

(b) (The commutative Property) for a,b € R, a+b =>b+a.

(c) (Associative) a+ (b+c) = (a+b) =c

(d) (Existence of additive identity) There exists a unique number in R, 0, such that a4+0 = aVa € R.

(e) (Existence of an additive inverse) For any a € R there is a unique number in R, —a such that a+ (—a) = 0.
e (M) Axioms for multiplication

(a) Closure
(b) Commutative
(c) Associative

(d) (Existence of multiplicative identity) There exists a unique number in R, 1, such that 1 0O and a-1 =a
Va € R

(e) (Existence of multiplicative inverses) alor % (note that that is not division!) such thata-a~' =1

e (D) Distributive: a(b+c¢) = ab+ac.
Observations:

(@ 0-a=0,—a=(—1)a,—(—a)=a
0-at+a=0-a+1-a=a(0+1)=a-1=a

®) (-1)°=1

©) —(a=b)=b—-a

(d) a,pbeR,ab=0=a=00rb=0
(e) Ifab=acanda#0thenb=c

Subsets of R

N={1,1+1,1+1+1,...}; not a field

(@) fneN,thenn+1€N.
(b) fneNandn>1thenn—1€N

Z=1{..,-3,-2,-1,0,-,23,...}
Q={Z:meZ neN}.



e This is a field assuming:

(a) N and Z are closed.
(b) If n € Z then one and only one of n € N, —n € N or n =0 is true

o W ="Liffmg=pn

Q°-R-Q

e Not a field since it doesn’t have 0O, 1. It’s also not closed.

Order Axioms

Definition. Let S be a set. An order < defined on S is a relation on S x § that satisfies:
(a) (Trichotomy) If a,b € S then one and only one of a < b, a = b, b < a is true.
(b) (Transitivity) If a <band b < cthena < ¢

Example If S is all subsets of R? with an order A < B <= A C B. This is a partial order since it satisfies transitivity
but not trichotomy.

(S,<) is called an ordered set.

Definition. An ordered field (F,+,-, <) is a field on which an order < is defined such that
(a) (Additive property) a < b, ¢ € F implies a + ¢ < b+ ¢ (Compatability with addition)
(b) (Muliplicative property) if a > 0 and b > 0 then ab > 0.
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Comparison properties over ordered fields

(a) If a > 0 then —a < 0 and vice versa. Consequently, if a > b then —a < —b. Also, if a < b then a —b < 0 and
b—a>0.

(b) If a < b and ¢ > 0 then ac < bc. If a < b and ¢ < 0 then ac > bc. This is equivalenttoa > 0,5 > 0=-ab >0
Proof. ac < bc = ac—bc <0, s0 (a—b)c <0and —(a—b)c > 0 (Idon’t know what’s going on here)

(c) Ifa>0andb>Othena§bifand0nlyifa2 < b?
Proof. a < b — a* < ab, and ab < b? so a*> < b? by transitivity. Conversely, b*> —a®> = (b—a) (b-+a) >0, so
b—a>0and b > a.

(d) If a # 0 then a® > 0.
() If0<a<bthen0< f <1

(f) f0<a<lthen0<a’><aanda>1=a*>>a.

Postulate 2: Ordered axioms in R

There is a relation < on R x R such that:
(a) (Trichotomy) For any a,b € R, one and only one of a < b, a = b, b < a is true.
(b) (Transitive) If a < b and b < c then a < c.
(c) (Compatibility with +) If a < bthen a+c < b+ c for all c € R.

(d) (Compatability with -) If a < b and ¢ > 0 then ac < bc. Also, if a < b and ¢ < 0 then ac > bc.



Absolutie value of real numbers

(@) |a| >0VaeRand|a] =0 < a=0.

(b) If b > 0 then |a| < b if and only if —b < a < b.
Proof. If a > 0 then |a| =asoa<b —b <0so —b <a<b. Also, if a <0 then |a| = —a and —|a| =a so
—b<—lal=a<0<b.
In particular, let b = |a|. Then — |a| < a < |al.
The following statements are equivalent:

2 la—b|l<e
2 —e<a-b<e
2 —e<b-a<e
2b—e<a<b+e
2a-e<b<a+te
(c) |ab| = l|al|b| (cases)

Proof. If a > 0, b > 0 then ab > 0 so |ab| = ab = |a] |b|.

If a > 0and b <0 then |ab| = — (ab) = (—1)ab=a-(—b) = |a| ||

Ifa < 0and b < 0then ab > 0, s0 |ab| = ab = (—1)*ab= (—1)a- (—1)b=l|a| |b].

Or, |ab| = \/ (ab)* = Va®b? = Va®\/b? = |al|b|.

(d) |a+b| < |a[+1b].
Proof. We want to show that — (|a| + |b|) < a+b < |a| +|b|. Since — |a| < a < |a] and — |b| < b < |b| we have
a+b < |a|+|b|.
Alternatively, |a+ b|* = (a+b)* = a* +2ab +b* < |a|* +2|a| |b| +|b|* and ab < |a| |b].

@ |a|—=[b| <la—b

a|—|b| < la+b|

)

)

(0 |la| = b|| <la—b

al = bl < la+b|
Theorem. Letx,y € R.

(@) x<y+eforalle>yifand onlyifx <y.
(b) x >y—¢eforalle > 0if and only if x > y.

(¢) |a| < e forall € > 0 if and only if |a| = 0.

Proof of (¢). =: Suppose x < y+eforalle >0butx >y Leteg =x—y > 0. Then x =y+¢€g withgg > 0. This is a

contradiction if & = .

<: Suppose x <y
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Z5. Let S be a nonempty set of natural numbers that has an upper bound. By the Completeness axiom, o = sup S
exists (but isn’t necessarily an integer). By the approximate property of supremums, IN € S such that o, — % <N<Za
(e= % in the approx. property). Now we show that n < N for all n € §; then N will be a maximum and equal to o.)

If some ng € S such that ng > N, thenng >N+1=N+ % + % > o+ % which is a contradiction.



can’t say it’s a finite set w/o proof, likely cyclical; if we can prove then one point back.
R15. Equality holds in the Schwarz inequality iff either one of the vectors is the zero vector or Ir € R, r # 0 st x = ry.

(xi—ryi)* =1 <iy12> —2r (ixiyz) + <ix12> :
1 i=1 i=1 i=1

If we let the right side be equal to zero, we have a quadratic in r. The discriminant is

If equality holds then D = 0. Thus the quadratic equation of r has a (repeated) solution, say ro. Then x = rpy.

‘We calculate

o8

Theorem Q is countable.

Proof 1. Let Ag = {0}, A| = ’Tl,%, ’Tz,%,...}, Ay = ’71,%,’72,%,...} and so on. Then Q = U;_; A,. This is a

countable union of countable sets, therefore QQ is countable. (Note that we can make them all disjoint if we
require that (p,q) = 1.

Proof 2. Consider Q*. Let r = g in lowest terms. Define f: Q" — N x N by f(r) = (p,q). Note that f is into. It’s
also one-to-one, because £ = L iff p = r and ¢ = s if they’re relatively prime. Now Q = Q" U{0} UQ™, which
is the union of three countable sets; so QQ is countable.

Combining Countable Sets
(a) Every subset of a countable set is again countable or finite.
(b) The set of all ordered pairs of integers is countable
(c) The countable union of countable sets is countable.

(d) The finite cross product of countable sets is countable.

Basic countable sets:

e Q
e NxNxN.
e all the circles on the plane w/ rational radius and center (cause it’s just Q x Q x Q)

e The set of disjoint circles

Theorem Let S be the set of all sequences whose elements are the digits O and 1. This set S is not countable. The
elements of S are called 0-1 sequences.

Proof. (Cantor’s Diagonal Process)

(a) We first show, using Cantor’s diagonal process, that every countable subset of of § must be a proper subset of S.
Let A be a countable subset of S. Then A can be enumerated as ai1,a12,4a13, . .., a21,a2,... etc. witha;; € {0,1}.
Construct a = alc1 ,agz,a%, ... where as is 1— aij. Then alcl #ayy, agz 2 ay, etc. Then a isn’t on the list; it
must be a new element of S that’s not in A. Thus A is a proper subset of S.

(b) S is uncountable.
If S is countable, then according to (a), S has to be a proper subset of S. This is silly, so S is uncountable.

Can this be generalized to [0, 1]? The proof of Homework 14 has something to do with this; use Cantor’s there



Theorem. [0,1) is uncountable.

Proof.

(a) Any number x € [0, 1) has a binary expansion:

=
iy X
&2
where x; € {0,1}.
(b) Some numbers may have two binary expansions. For example, 0.10...=0.011 (in the same way that .99999... =

1); one terminates in ones and the other in zeros. Let E be the set of all binary expansions that terminate in ones.
Then we can show that E is countable (it’s the countable union of finite sets)

(c) Let S be the set of 0-1 sequences. This set clearly has a one-to-one correspondence with A, the set of all
binary expansions where the double-sequences in (2) are counted separately. We proved last theorem that S is
uncountable. Therefore A is uncountable. Thus A\E is uncountable. But we just removed the duplicates.

(d) Therefore, there is a 1-1 and onto function from [0,1) — A\E because each x € [0,1) has a unique binary
expansion that does not terminate in ones. This means it’s equivalent to A\ E, which is uncountable.

test will cover up through uncountables.
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Theorem Let A be the set of all 0-1 sequences. Then A is uncountable (Cantor’s diagonal process)

Proof. We first show that every countable subset of A must be proper. Given a countable subset £ of A. Then E
can be enumerated as a; = (a1,a12,a13,...), ao = (az1,a2,az3,...) and so on. We construct a 0-1 sequence
b={by,by,...} as follows:

Foreachn=1,2,3...,

1 ifa,, =0
bn: .
0 ifa,,=1.

Then b is a 0-1 sequence and b ¢ E. Why? Because b is different from a,, in at least the nth position. Therefore
E is a proper subset of A, and so A is uncountable (because if A were countable then A would be a countable
subset of A, and by the first part of the proof, we know A must be a proper subset of A.)

Theorem Prove that [0, 1) is uncountable.

Proof. Every x € [0, 1) has a binary expansion

where x; € {0, 1}. However some x € [0, 1) may have two binary expansions. For example, = 0.10... = 0.01.
To avoid the one-to-two, we consider E = A\B, where A is the set of all binary expansions and B is the set of
all binary expansions that terminate in ones. Note that A is uncountable and B is countable (practice exercise).
Therefore E = A\B is uncountable. Since every x € [0, 1) has a unique binary expansion,

=
X = Z ﬁ’
n=1
where {x1,x2,...,%,} does not terminate in ones. Therefore there is a 1-1 function f from [0, 1) onto E, f (x) =
(x1,-..,%,...) where x € [0,1). Since E is uncountable, so is [0,1).



For decimal expansions:

Let A be the set of all expansions and let B be the set of decimal expansions that terminate in nines. Then A is
uncountable (we know how) and B is countable (exercise) and E = A\B is uncountable; in fact, E ~ A. For every
x €[0,1), x has a unique decimal expansion

=y
Y
n=1 10
where (x1,...,x,) does not terminate in nines. Therefore [0,1) ~ E and [0, 1) is uncountable.

Theorem (0,1) ~ R.

Proof. f(x) = % Check that f' < 0 for all x so it’s 1-1 and we’re done. An easier one is the tangent function:
f(x) = tan [z (x— )]
Theorem (0,1) ~ (0,1].

Proof. We shifteach L to -1 2 — 1,1 — I and so on. Then you can use this and adapt it to show that [0, 1) ~ [0, 1].

Midterm

5 questions, some with multiple parts, he doesn’t know if it’ll be enough or too much. Read lecture notes from first
chapter and section 2.1. It’s not a memory test, but a test of understanding. The one we just did is a good problem.

But what about (0, 1) to (0,1)U{ay,az,...}?
We’ll do something similar, but merge them. Instead of just sending each % somewhere else, we’ll do like we did when

mapping N — Z:
11 1 1
i G Zo...
7374 27a1737

N | —

Ch. 2 Metric Spaces

Definition. Let X be a set. A metric or a distance is a functino from X x X to R such that
(@) d(x,y)>0andd (x,y) =0iffx=y
(b) d(x,y) =d(y,x)
(©) d(x,y) <d(x,2) +d(z,y)

Note that we’ll need the triangle inequality in almost every proof. (X,d) is called a metric space.
Examples:
(@) (R',d)) is a metric space, where d; (x,y) = |x—y|.

(b) (R",d) is a metric space where

Proof of 2A. We proved earlier that |x-y| < |x||y|
x+y® = (x-y) (x—y)
= X-X—2X'y+y-y
X 2 x] [y| + Iy[*
2
(Ix[+Iy])

A



so [x+y| < |x| + |y|. Now we can say

x+yl = [x—z+z-y|

IN

x—z|+|z—y]|

Example. Let X be the set of all bounded real valued functions defined on [a,b]. Define d (f, g) sup{|f (x) — g (x)| : x € [a,b]}
Now if f is bounded then |f (x)| < M Vx € [a,b]. E = {f(x):x € [a,b]} has a supremum and infimum.
If (x) —g ()] < |f(x)|+ |g(x)] <2M so the supremum exist. Suppose f, (x) — g(x). Then we're getting
uniform convergence.
Anyway, d is nonnegative since we're taking absolute values. Also d (f,g) = 0iff f = g: let x € [a, b], then

f (x) =g (¥)| < sup{[f (x) —g (¥)| : x € [a,b]} = d (f,8) =0

Symmetric isn’t a problem, but A sucks, do it after midterm.
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Homework due
SITITITTIT
From test

3(a): Let I € F. By the density of rationals there exists ¢; € Q such that ¢; € I. By the disjointness of the interval s in
F,qr # q; if INJ = &, therefore we can map each / to its distinct rational g.

Questions:

(a) seems that this proof can be used to prove that the collection of all intervals is countable.
(b) Why can’t we run out of all rational numbers?

(c) how do you choose g;? one by one? no.

The good way
Let Q1 ={qeQ:qgeforsomelc ¥}
Define a function g from Q; — ¥ by g(¢) =1 such that g € I.

(a) gis well-defined since g € I and ¢ € J implies [ = J.

(b) g is onto because for any I € F there is ¢ € I such that g(¢) =1.

Other way is in handout.

Metric Spaces

Xisaset. Defined : X x X — R

(@) d(x,y) >0Vx,y € X;d(x,y) =0iffx=y
(b) d(x,y) =d(y,x)
(©) d(x,y) <d(x,z)+d(z,y)

(X,d) is a metric space, or d is a metric on X.

Example. (R!,d) where d (x,y) = [x—|



Example. (R”,d) where d (x,y) = [x—Y|

Example. X is the set of all bounded functions on [a,b], where d (xf,g) = sup{|f (x) —g(x)| : x € [a,b]} (note that
we can’t change sup to inf)

Example. R is the set of all real numbers.

1 ifx#y
d(x,y) =
() {o ifx=0
This is the discrete metric space, and is good for counterexamples.
Theorem. If d is a metric on X and x,y,z € X, then |d (x,z) —d (y,2)| < d (x,y).

Proof. —d (x,y) <d(x,y) —d(y,z) <d(x,y)? yes; the right side is the triangle inequality if you subtract d (y,z) from
both sides. For the other side, —d (x,y) —d (y,z) < —d (y,z) leads to d (x,y) +d (x,z) > d (y,z) which is also the
triangle inequality.

Definition. Let (X,d) be a metric space. Let r > 0. An open ball B(p,r) ={x € X : d(x,p) < r} (center p, radius r)
Similarly, the closed ball B* (p,r) ={x€ X : d (x,p) <r}

Theorem. Let (X,d) be a metric space and let p,q € X, p # q. Then there are two open balls, one with center p and
another with center ¢ that are disjoint.

Proof. Since p # ¢, d(p,q) = d > 0. Consider B (p, %) and B (q, %). We need to show that both balls are disjoint.
Suppose there exists x € B(p,d/4) N B(q,d/4). Then d(p,q) <d(p,x)+d(g,x) <% +4% =4, which is a
contradiction because we said the distance is d.

Definition. let X be a metric space E C X. A point p € X is an interior point of E if there is an open ball B(p,r), r >0
such that B (p,r) C E. EUis the set of all interior points of E, called the interior of E.

Example. Consider (R!,d), d (x,y), and the interval [0,1). Everything in there is an interior point except 0; that is,
the interior points is E = (0, 1). ow Suppose E is a bunch of isolated points, then it has no interior.

Definition. E C X is open if every point of E is an interior point of E; i.e. E C E°.
Theorem. B(p,r)={x € X : d(x,p) < r} where r > 0 is open.

Proof. Let g € B(p,r). We want to show that g is an interior point. Choose S such that 0 < S < r—d (p,q) (we can
say this because d (p,q) < r.) Pick s € B(q,S). Then

d(x,s) < d(x,q)+d(q,s)
< [r=d(p,q)]+d(p,q)]

r.

Therefore d (x,s) C B(p,r), so g is an interior point.
Theorem. @ and X are open.
Theorem. Let X be a metric space and E C X. Then
(a) E°isopen.
(b) Eisopeniff E°=E.
(c) If Gisopen and G C E then G C E?; that is, E” is the largest open set contained in E.
(d) E? is the union of all open sets contained in E.
(e) If A C B, then A° C B°
(f) (ANB)" =A°NB° and A°UB° C (AUB)’.

Proof of 1.
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Definition. X is a metric space. E C X, p is an interior point of E if 3B (p,r) such that B C E.
Theorem. B(p,r) ={x € X | d(x,p) < r}is open. (From yesterday)

Theorem. Let X be a metric space and E C X. Then

(a) E° is open; in other words, E” =E°

(b) Eisopeniff E° =E.

(c) If Gisopen and G C E then G C E?; that is, E? is the largest open set contained in E.
(d) E? is the union of all open sets contained in E.

(e) If A C B, then A° C B°

() (ANB)° =A°NB° and A°UB° C (AUB)°.

Proof.

(a) Let p € E°. Then 3B (p,r) CE. Letq € B(p,r). Then there exists B(g,s) CB(p,r) CE, (0<s<r—d(p,q)).
Therefore g € E°, and B(p,r) C E° Since we can do this for anything in E, it must be open.

(b) '= Itis always true that E° C E. If E is open, then by definition E C E°, and therefore E = E°.
< If E =E°, by (a) E° is open and therfore E is open.
By (b), E? open if and only if E° = (E?)°, but that’s always true.

(c) Let p € G. We want to show that p € E. Since G is open and G C E, 3B (p,r) C G C E. Therefore p € E°.

(d) Want to show that
E°|JG.
GCE
2: By (c), G C E° for all open G C E. Therefore £ 2 Ugcp G-
C: E%isone of the G’s in Ugcp G s0 E? C Ugcp G-

(e) Suppose A C B. Let x € A°. A’ is open, so there exists p > 0 such that N, (x) C A C B?, so A° C B°.

(f) C: (ANB)° C A°N B is trivial because A 2 (ANB), so A° D (ANB)? by (e). Similarly, B° D (ANB)?, so
(AN B)” is contained in both A° and B, or A° N B°.
D:Let pe A°NB°. Then p € A° and p € B°.
! there exists B(p,r) C A and B(p,s) C B for some r,s > 0. Without loss of generality suppose r > s.
! there exists B(p,r) CANB.
I pe(ANB)°
! A°NB° C (ANB)°
For A°UB° C (AUB)’, we know that A C AUB and A° C (AUB)°. Similarly, B° C (AUB)° so A°UB° C
(AUB)°.
So how can we have A°UB° C (AUB)’? Choose A, B as intervals in R!. Consider A = (1,2) and B = [2,3).
Then A® = (1,2), B® = (2,3) and AUB = (1,3).

So perhaps we could have A° UB° = (AUB)’ U something . What?
Theorem.

(a) If Gy is open for all @ € A. (Jyeq Gao (Where A is an index set) is open. That is, the union of any open sets is
open.

!(very important but difficult, make sure we can follow).



(b) If Gy,...,G, is a finite colleciton of open sets, then (;_; Gy is open.
Proof.

(@) Let p € Ugea Go. Then p € Gy, for some o € A. Since G, is open, 3B (p,r) C Gy, € Ugen Ga. Therefore
P € (Unea)’s 50 Ugeq is open.
(b) Suppose G and G, are open. Let p € G; N G,. Then 3B (p,r) C Gy and B(p,s) C G,. Lett = min(r,s). Then

B(p,t) CG1NGzand p € (G NGy)°. This can be generalized by taking # = min of each one, but if inf becomes
0 then we’ll have a problem.

Definition. Let X be a metric space, and E C X. p € X is a limit point of E if, for every r > 0, the B(p,r) contains a
point g € E, g # p. The set of all the limit points of E is called the derived set of E, denoted by E’.

Definition. E is closed if E contains all its limit points. That is, E’ C E, or every limit point of E is in E.

Theorem.

(a) E'is closed.(AUB) = A'UB'
(b) (ANB) CA'UB'.

Theorem. If p is a limit point of E, then for any r > 0, B(p, r) contains infinitely many distinct points of E.

Proof. Suppose that there exists r such that B (p,r) contains finitely many points of E, x1,...,x,, all distinct from p.
Then

ro=min{d (x1,p),...,d (x;,p)} > 0.

Therefore B (p, ro) has no points in E other than p, so p is not a limit point.

Theorem. If p is a limit point of E, then there is a sequence of distinct points x, € E, n = 1,2,3,... such that x,, — p
as n — oo; that is,
}Egod (xn,p) =0
Proof. There exists x; € E such that x; # p, let r; = 1. there exists a point in B (p, ;) where r, = min (%,d (p,xl)),
r3 = min (%,d ( p,xz)) etc. Then the radii go to zero because they can’t be bigger than %, and the x/;s are all
distinct because the radii keep shrinking.

Theorem. Any finite subset E of X is closed.
Proof. Because E has no limit points, simple as that.
Theorem. A subset E C X is closed iff E = X — E is open.

Proof. E is closed
<= every limit point of E is in E,
<= no limit point of £ is in E¢
<= every point p € E€ is not a limit point
<= 3B(p,r) such that it contains no points of E
< B(p,r) CE°
<= E¢is open.

10
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Note: Rudin is using C in place of C
X metric space

EcCX

E is closed iff E€ is open

& and X are closed.

Theorem. B* (p,r) = {x:d(p,x) <r}is closed.

Proof. (B*(p,r))‘ is open
Letg € (B*(p,r))  and let 0 < s < d(p,q) —r. Then B(q,s) C (B* (p,r))° and so (B* (p,r))¢ is open.
Let x € B(q,s). Then

d(p,x) > d(p,q)—d(qx)
> d(p,q)—s
> d(p7Q)_(d(p7q)_r)

|
<

and so x € (B* (p,r))°
Theorem. If Fy, o0 € A is closed, then (yey Fo, is also closed.
Proof. (Neea Fa)’ = Ugea FS is open by DeMorgan’s law.
Theorem. If Fy,F,... F, are closed, then ;_, Fy is closed.
Proof. (Ui, Fx) = Mg, Ff is open.
Note. That can’t be generalized to infinite sets.
Theorem. E = {x|d (x,p) =r} is closed. That is, the boundary of an open ball is closed.

Proof. E =X — (B(p,r)U[B*(p,r)]°). But B(p,r) is open, B* (p,r) is closed so (B*(p,r))" is open so we have the
union of two open sets which is open.

Definition. The closure of E is E = E UE’. By definition, E° CE CE
Theorem. p € E iff Vr > 0, B(p,r)NE # @.

Proof. Suppose p € E. Then either:

(a) p€ E= B(p,r)NE contains p € E.
(b) orp € E'= B(p,r) contains g € E, g # p so B(p,r)NE # &.

Suppose Vr >0, B(p,r)NE # @ If pe E= p € E orif p ¢ E = pis alimit point of E ****
Theorem. (F)C = (E°)° and (E°)° =E°

Proof. Suppose p € (E)°. Then there is a ball B(p,r) such that B(p,r) does not contain any point of E (otherwise
it’d be a limit point). Therefore p € (E€)°.
For the second one, he’s not actually going to do because he thinks it’s easy.

Theorem.

(a) E is closed.

(b) Eisclosediff E =E

11



(©) E=E (Note that (E’ )/ C E/, the inclusion can be proper. (find example)

(d) If Fisclosed , and E C F, then E C F, which means that E is the smallest closed set that contains E.
(©) E =r>E Fis closed

(f) fACBthenACB

(g AUB=AUB,ANBDANB.
Proof.
(@ (E)° = (E)"
(b) forwards is no problem. If E is closed, E' C E so E = EUE’ = E. Conversely. it’s closed
(c) By 1 and 2; give a proof
(d) If Fis closed Let p € E. Either p € E or p € E. Then (supply proof) p € F.

(e) We know by #4 that E C (- E,Fisclosed- 1he other way is true because E is one of the F’s, so the intersection
isn’t bigger.

(f) (simple)
(g) homework

Definition. A point p is called a boundary point of E if, for any » > 0, B(p,r) contains a point of E and a point of
E°. The set of all boundary poitns of E is called the boundary of E and is called 0E

Theorem.
(a) OE=E —E°=EN(E°).
(b) OE is closed (because of 1, intersection of closed sets)
(c) E=EUJE
(d) E°=E—9JE
(e) X =E°UOEU (E); they form a partition. Try to prove 3, 4, 5!
Definition. Let (X,d) be a metric space, and let Y C X. Then (Y,d) is called a subspace of X.
Definition. Suppose E CY C X. E is open relative to Y, or E is open in Y if for any point p € E, 3B (p,,r)NY CE.

Example. If X =R and Y = [0,1). Then [0,1/2) is open relative to ¥ even though it’s not open in X. However [0, 3]
isn’topeninY. And [1/2,1) is closed in Y.

Theorem. E is open in Y iff there exists and open set G, open in X, such that E = GNY.

Proof. Suppose E is open in Y. Then for any point p € E, there is B(p,r) such that B(p,r)NY C E. Consider
G=JB(p.r)
PEE

which is open in X (cause it’s the union of open sets).

Gny = (UB(p,r)) ny

PEE

= U®Bpnny)

pEE
E.

N

12



ECGandECYsoECGNY,andE =GnNY.
Now, suppose E = GNY where G is open. Let p € E. Then p € GNY, so p € G. Since G is open, there is
B(p,r) C G. Therefore B(p,r)NY C GNY = E. Therefore E is openin Y.

Definition. E isclosedinY iff Y —E isopeninY.

Theorem. E is closed in Y iff there exists a closed set ' C X such that E = FNY. This can be proved by taking
complements, but it’s not too easy.

October 18
Midterm Monday November 6
Theorem (E)° = (E€)°

Proof If p € (E)°. Then p ¢ E <= there is a B(p,r) such that B(p,r)NE = @. <= B(p,r) CE‘. <=

p € (E9)°.
Compact Sets
Definition Let X be a metric space and let {Gq }, 0 € A be a (finite or infinite) collection of open sets in X. Let E C X.
If
E g U GOL;
oEA

then we say that {Gy}, ot € A is an open cover of E. If there is a finite subcollection of Gy, say G1,Ga, ..., Gy,
such that .
EcC|JG,
i=1
then we say that G1,G»,...,G, is a finite subcover of E.

Definition. Let K C X. K is compact if any open cover of K has a finite subcover.

Example

(a) (0,1) is not compact. (%, 1) , (%, 1) (1 1) ,...1s an open cover of (0, 1) whic has no finite subcover.

n’

(b) 0,1, %, %, e, %, ... 1s compact (exercise)

(c) [a,b] is compact.
Proof. Given any open cover of [a,b], let E = {x € [a,b] | [a,x] has a finite subcover} If x = b then we’re done.
We should prove that E # &, and E is bounded above. If we can do that, then o0 = sup E exists.
Then we need to prove that o € E.
After that, we prove that o0 = B and we’re done.

(d) E=Qn]J0,1] is not compact.

Theorem. Let K C Y C X, where Y is a subspace of X. Then K is compact relative to Y2 if and only if K is compact
relative to X.

Proof. It’s in Rudin’s book, and not very useful. But what it does illustrate is that when we say K C X is compact,
we don’t need to say K is compact in which subspace of X. Indeed, if K is compact in some subspace of X
then it’s also compact in any subspace of X (that contains K) and in X. So from now one we don’t need relative
compactness.

2This means that any open cover of K, which consists of open sets relative to ¥ has a finite subcover of K.
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Theorem. Compact subsets of metric spaces are bounded® and closed (any metric space). (Note that the converse is
true in R¥))

Proof. Let K be a nonempty compact subset. Let p € K. Consider B(p,1),B(p,2),...,B(p,n),.... We claim that

this is an open cover of K. Since K is compact, there is a finite subcover, and the biggest ball in this finite
collection covers K. Therefore K is bounded by whatever radius that is.
Now we need to show that K is closed, which we’ll do by showing that K¢ is open. For each ¢ € K, there is a
neighborhood of ¢, N (¢) and a neighborhood of p that depends on ¢ (call it N, (p)) such that N (¢) NN, (p) = @.
Do this for all ¢ € K. Then {N(q) : ¢ € K} is an open cover of K. K is compact, so it has a finite subcover
N(q1),N(q2),...N(gn) such that K C || N (¢;). Let V (p) = N1 Ny, (p). V (p) is a neighborhood of p and
V (p) C K¢. Then K¢ is open so K is closed.

Theorem. A closed subset of a compact set is compact.

Proof. Let K be compact, F C K and F closed.We want to show that F is compact. Let {Gy} be an open cover of F.
(Show that {Gg} has a finite subcover.)
{F¢,Gy} is an open cover of K. Since K is compact, it has a finite subcover {F¢ G1,Ga,...,G,} where
{G1,...,G,} is a subcollection of {Gy}. Then {G1,Ga,...,Gy} is an open cover of F. Therefore F is compact.

f.i.p. critereon for compactness

Definition A collection of nonempty sets {Eq } has the finite intersection property if the intersection of every finite
subcollection of {Ey} is nonempty.

Theorem. If {K},0 € A is a collection of compact subsets of X that has F.IP., then Nycy Ko # <.

Proof. Assume (g Ko = @. Then K; N (Y Ky) = @ (by this we mean the set without K;). Therefore
/ ¢ /
mg(ﬂ&):Uq.

{K§, o€ A,a# 1} is an open cover of K. Since K is compact, {K§,0 € A, # 1} has a finite subcollection, say
{Kg,Kg, e ,Kg}, that covers K, i.e., K1 C UL, K. Therefore

n c
Km(UK,-) = o,

i=2

n
KN <m K,‘) = .
i=2

Theorem. (FIP critereon for compactness) X is compact if and only if for each collection {Fy} of closed subsets of
X with the FIP we have NFy, # @.

but this is a contradiction.

Proof. =: We pretty much already proved this. Assume that X is compact. In fact, each Fy, is compact because
they’re closed subsets of compact sets. Thus this follows from the previous theorem.
<: Assume X is not compact. Then there is an open cover {Gg}, 0 € A of X which has no finite subcover of X.
Then we may show that {G§}, a € A has FIP but o4 G5 = &, which is a contradiction.
Since Ugea Go covers X, (Ugea Go)© = @, that is, Ngea G5 = 9.
Let Gy, Gy, ..., G, be any finite subcollection. Since J_; G; does not cover X (it’s finite),

) o

3E C X is bounded if there is 7 > 0 and a point p € X such that E C B(p,r).

14



That is,
(\Gs # o (FIP).

i=1

October 23, 2006

Theorem. [Cantor intersection theorem] X is a metric space K; O K D K3 --- of nested compact subsets of X where
none of the K,,’s are empty. Then (,_, K,, # &.

Proof. Clearly, K;,K>,K3, ... has the FIP. Then by above, (_; K, # @.

Definition. X is a metric space and E C X. E is said to be sequentially compact if every sequence in E has a sequence
that is convergent to a point xg € E

Definition. X is a metric space and E C X. E is said to be limit point compact if every infinite subset of E has a limit
point in E.

Theorem. (Bolzano-Weirstrass Theorem, really important) Let X be a metric space and K C X. Then the following
are equivalent:

(a) K is compact.
(b) K is limit point compact.

(c) K is sequentially compact.

Proof.

(a) 1= 2. Supopse K is compact. Let E be an infinite subset of K. WTS E has a limit point. Suppose that every
point of X is not a limit point of E. Let p € K. Then either p € E or p ¢ E. If p € E* then 3B (p,r,) such that
B(p,r,)NE = {p}. If p ¢ E then 3B(p,r,) such that B(p,r,) NE = @. Consider the collection of open balls
{B(p,rp): p € K}. Then this collection is an open cover of K which has no finite subcover. (because if it did
then E couldn’t be infinite; remember each ball covers at most one point of the infiinite set £. Thus we can’t
reduce it) This contradicts the assumption that K is compact.

(b) 2 = 3: Given an infinite sequence in K, if the range (in other words, number of distinct points) of the sequence
is finite, then it contains a subsequence of constant elements. Then that subsequence has whatever that constant
term is for its limit.

If the range of the sequence is infinite, then since K is limit point compact the sequence as an infinite set of K
has a limit point in K. This limit point is a subsequential limit of the given sequence.

(c) 3= 2: Let E be an infinite subset of K. We want to show that E has a limit point x( in K, that is, to show there
is a sequence of distinct elements of E that converges to xj.
Take x; € E. Then take x, € E such that x; # xj(remember E is infinite). Continue and obtain a sequence of
points of distinct points {x,} of E. Since K is sequentially compact, {x,} has a subsequential limit, say xo, in K
and we’re done.

(d) 2= 1. Really hard so we have to do it; 23 24 26 in Rudin.

Theorem. [Nested closed interval theorem] Let [a,,b,] be a sequence of closed, bounded intervals of R such that
[an,bn] D [an+1,bn+1] and by, — a, — 0. Then there is a unique number ¢ such that (\_; [an,bn] = ¢

Proof. Since {a,} /" and it’s bounded above, 3o = sup {a, }. Similarly, 3 = inf{b, } because b, \.

(a) We show that a € [a,,b,] Vn (because o > a, since o is supremum) and any b, is an upper bound of {a,}.
Therefore o < b,, Vn

4Remember, p is not a limit point of E
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(b) B € lan,bn) Vn

(¢c) o= P (because b, — a, — 0.
Given any € > 0, Ja, such thata, < a < a,+eforallm>n
Given any € > 0, 3b,, such that b,, —€ < B < b, Vm > n.
enough to show |a— B| < €.
loo —B| < |ov—am| + |am — bm| + |bm — B| < €+€+ € = 3¢ for large m,n

Theorem.

(a) Let {Qn} be a sequence of nested k-cells (closed cubes in R¥) such that On > Qus1. Then N, 0, # 9.

(b) If diam (Q,) — 0, then there is a sequence point ¢ € R* such that M= On = ¢ (basically do the last theorem for
each dimension)

October 25

Theorem. k-cells are compact in R¥.

Proof. Consider R!. Then a k-cell becomes an interval, so we need to prove that [a,b] is compact. (This proof is
different than what we were going to do.)
Suppose [a,b] isn’t compact; that is, suppose there is an open cover of [a,b] that has no finite subcover.
Assume that {G} is an open cover of [a, b] that has no finite subcover. Note that this means that either [a, b ]
or [by,b] has no finite subcover (maybe both); suppose without loss of generality that [a;,b;] does. Do it again;
perhaps [az,b;]. Continue this way so that we have a sequence of closed intervals [a,, b,] such that:

(@) [an,bn] \,
(b) b,—a, —0

(¢) [an,by] has no finite subcover for all n.
Therefore by the nested closed interval theorem, !¢ such that ¢ € (;_ [an,bn]. Note that ¢ € [a,b]. Therefore
there is one G, such that G, covers c. But for large m, [a,,b,] C Gg, such that [a,, b,] can be covered by G, .
This contradicts (c).
Let’s generalize this. Assume that {Gy} is an open cover of a k-cell Q in R* that has no finite subcover. Then
just do the above in k dimensions. Change the [a,, b,] to Q, and b, — a, to diam (Q,) etc

Theorem. (Heine-Borel Theorem) Let K C R¥. Then the following are equivalent:

(a) K is closed and bounded.
(b) K is compact.
(c) K is limit-point compact

(d) K is sequentially compact.’

Proof. Start from K closed and bounded =: is compact: K is bounded, so it can be put into a closed cube Q in R¥.
Since K is closed and Q is compact, K must be compact.
2 = 3 = 4: Bolzano-Weierstrass
4 = 1 Suppose K is sequentially compact. We want to show that K is closed and bounded. Let xy be a limit
point of K. We want to show that xo € K. 3 as sequence {x,} of distinct poitns of K such that x,, — xo. Since
K is subsequentially compact, it has a subsequence {xn ; }that converges to a point in K. This point must be xp.
Therefore xg € K so K is closed.
We still have to show that K is bounded. Suppose K is unbounded. Let x; € K. Choose x, € K such that
d (x2,x1) > 1 (or really any positive number & > 0 but we’re calling it 1) Choose x3 € K such that d (x3,x1) > 1

SNote that 2 through 4 is Bolzano-Weirstrass.
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and d (x3,xy) > 1 (if we can’t do this then K is bounded). Do this forever. Then we have a sequence {x,}
where for all m < n, d (x,,x,) > 1. Then this sequence has no convergent subsequence, which contradicts the
assumption that K is sequentially compact.

Theorem. (Bolzano-Weierstrass Theorem in R¥) Let K C R¥ be a bounded infinite set. Then K has a limit point in RF
(not necessarily in K).

Proof. K is closed and bounded and so K is compact. K has a limit point which is also a limit point of K (try it
yourself!)

Theorem. (Cantor Intersection Theorem) Let F; O F> O --- be a sequence of non-empty, closed subset of R* and Fy
is bounded. Then

(F# 2.
n=1
Proof. This needs no proof, so there.

Perfect Sets

Definition. X metric space. E C X is perfect if E’ = E; that is, E is closed (every limit point of E is in E, or E' C E)
and every point of E is a limit point of E. In other other words, E has no isolated points.

Theorem. Let P be a perfect set in R¥. ThenP is uncountable.

Proof. Assume that P is countable; that is, P = {py, p2,...}. Take x; € P and x| # p;. Let V| be a (bounded) neigh-
borhood of x; such that:

Lp¢V

2. Vi NP contains infinitely many points of P (we can do this because x; is a limit point of P, because P is
perfect.)

Take x; € V, NP such that xy # x| and x, # p,. Let V; be a neighborhood of x; such that V, C Vy, py ¢ V5 and
V> N p contains infinitely many points of P.

Continue forever.

We obtain a decreasing sequence Vi NP, V, NP, -+ of nonempty sets such that

(a) Each of which is compact.
(b) x,, € P and x,, € V,, implying x,, €V, NP

(©) p1 ¢ ViNP, pp ¢ VaNP,... so that N, (V, N P) contains no point of P.
by the nested interval theorem,

N (anP)
n=1
isn’t supposed to be empty, but now it has a point of P. we can remove x; # xj

October 30, 2006
The Cantor Set

cut by thirds each time, remove each middle third
C, has 2" closed intervals, each of length %n Define C = ,_; C,. This is the Cantor Set
Properties of the Cantor Set

(a) Cp > Cy > (C,--- is anested decreasing sequence of closed sets.

(b) Each C, cosnists of 2" disjoint closed intervals, each of length %n At the nth stage, n = 1,2,3,..., 2"~ open
intervals, each of length m_%,, are removed.

17
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(c) Each C, is compact (because closed and bounded), and N, C; = C, # & (by the finite intersection property).
Then C # @ by either FIP or contour intersection theorem.

(d) C is compact because it’s closed (intersection of closed sets) and bounded by 0 and 1.

(e) The two endpoints of any interval consisting of C,, are lying in C. For example, % is one of the endpoints of Cj,
so it’s in C. (note that since C is uncountable so there must be more points other than these)

(f) Cis perfect.
Proof: Need to show that every point of C is a limit point of C. Let p € C and S be any neighborhood of p. We
want to show there’s g € Sst p#q. P € (=1 Co,n=1,2,3,.... There is a sequence of intervals I,, where I, is
a subinterval of C,, such that p € I, for all n and |I,| — 0 as n — oo. Therefore if n is large enough, I, C S. Since
I, has two endpoints that belong to C, they can’t both be p; one of them must be not equal to p, and that can be
our g. So p is a limit point and C is perfect.

(g) C contains no segments.
Proof: Given a segment (o, B), we can always find n and k in Z* such that

(3k+1 3k+2> C (W B).

3t 7 3n
The next one will break up the interval, so the interval isn’t in C.
(h) The “length” (measure) of C is 0; that is, it has no length. Length is

1 2 4 2k 3
- (=4 4. 42 =13 _—0
<3+32+33+ * 3k) 1-12

The Cantor Ternary Set

This is the same thing but we’re looking at it in a different piont of view

Theorem. Let C be the Cantor Set. Then

X,
C:{Z;L:‘xne{072}an:1,2,3...}

n=1
and therefore C ~ [0, 1].

Proof. Each poitn x € [0,1] has a ternary (base 3) expansion in the form
x=Y
n=1

where x, = 0,1,2. This expansion is unique except for the case that x = 5; for some a,m € N where 0 < a < 3™
and 3 1 a. In this case x has a finite expansion of the form

‘ =

n
n7

(O8]

_&M o x e
=Rt T

where x,, = 1 if a = 1 (mod3) or x,,, = 2 if a = 2 (mod3). If x,, = 2 we use this finite expansion for x. If x,, = 1

we use the expansion
_x1 X2 0 2 2
S T I T T I T

Thus we have assigned a unique ternary expansion to each x € [0, 1]. We can show by induction that

Co={x:0<x<1,{x1,x2,...} €{0,2}}

Then x € C = ;- C, iff x, € {0,2} for each n € N. The mapping Y. 3+ — (x1,X2,...Xy,...) is one-to-one,
soC ~[0,1].
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Postpone extra credit two weeks, look at supplementary exercises. If we get a nice proof of some of them, let him
know, but if we can’t get it ask him and we’ll give it a shot.

Theorem (Cantor-Bendixson) Every closed set is a separable metric space is the union of a perfect set (possibly
empty) and a set which is at most countable.

Proof. Homework (#27)

Connected Sets

Definition Two nonempty sets A and B are said to be separated if both ANB = @ and ANB = @. If A and B are
separated, then A and B are disjoint. But the converse is not true. However, if A and B are both open then it’s
true both ways. Same if A and B are both closed.

Definition. E C X is connected if E is not the union of two nonempty separated sets. That is, if £ =AU B and both
ANB=gand ANB = @, then either A = @ or B= &.

Definition. £ C X is disconnected if there are two disjoint open sets W and V such that E C WUV, WNE # & and
VNE # @. E C X is connected if it’s not disconnected. To prove E is connected then, we may assume that
there are two disjoint open sets W and V such that E C WUV and prove thatoneof ENW =@ or ENV = &.

November 1

from last time: X metric space, E C X is disconnected if there are two disoint open sets U and V such that E CU UV,
ENU # @, ENV # &. Such a pair of U and V is called a separation of E.

E is connected if there is no separation of E. To prove E is connected, we may assume that there are U, V open disjoint
sets such that E CU UV, ENV # @, ENV # & and derive a contradiction.

Theorem. Any interval I in R! is connected. Note that / is an interval if for every x,y €  and x < z < y, then z € I

Proof. Assume there are two disjoint, open U and V in R. Then I CU UV, UNI # @ and VNI # &. Then there
is a nested sequence of closed intervals [ay,b,], n =1,2,3,... such that (a,b) D [a1,b1] D [az,b2] D [a3,b3]. ..
and a, € UNI and b, € VNI and |b, —a,| — 0 as n — . By the nested closed interval theorem, there is a
unique c in the intersection of [a,,b,|’s. Then c is a limit point of a,’s. It’s also a limit point of the b,’s. But
¢ ¢ U (because then it couldn’t be a limit point of b,,), and similarly ¢ ¢ V. But this means that ¢ ¢ I, which is a
contradiciton. (Rudin gives a bit different proof that’s a bit tougher).

Theorem. Any connected set E in R that has at least two points is an interval.

Proof. Assume E is bounded. Let oo = infE and B =supE. Let o < ¢ < 3. We want to show that ¢ € E.
Suppose c ¢ E. LetU ={xeR:x<c}andV={xeR:x>c}. Then UUV =R —{c},s0 ECUUV.
Ned to show U NE # @ and VN E = &. By the approximation property of infimum and supremum, these two
intersections are not empty. Therefore U and V form a separation of E.
Suppose E is not bounded above. o0 = inf E. Need to show that any ¢ > o is in E. Assume that there is ¢ > o st
c¢E LetU={xeR:x<c},V={xeR:x>c}. UNE#QGVNE#Z,ECUUV.

Theorem. Every open set G in R can be written as an at most countable union of disjoint open intervals.

Proof. For each x € G, define I, as the union of all / such that [ is an open interval, x € [ and I C G. (This is called
the maximum interval containing x.) Lis an open interval®. Let x,x’ € G such that x # x’. Then either I, = I’ or

I, NIy = &7 Itis clear that
G=JL= | I

xeG I disjoint

Therefore G is a countable union of disjoint open intervals.

6This requires some proof. Take any two points a and b in I, with a < b and let a < ¢ < b. We’ll need to prove ¢ € I, then I is an interval.
7Suppose I, NIy # . Want to prove they are identical. Then I, U1, is an open interval that contains x and x’. Therefore I, UIs C I, (because
I, U1, participates in the union that defines I,.) Therefore I, C I, Uy, and then apply the same argument to 7/
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Practice Problems

(a) Let E be disconnected and U and V be a separation of E. Suppose that A is a connected subset of E. Prove that
either A CU orACV.

(b) Let E be a connected set and A is such that E C A C E. Prove that A is connected. In particular, E is connected.
(c) Let A; be a family of connected sets such that A;NA; # & for any i, j € I. Prove that | J;c; A; is connected.
(d) R"is connected (use (3), start with lines).

(e) X metric space, E C X is connected iff & and E are the only subsets of E that are both open and closed relative
to E. Hint: A is open relative to E iff E\A is closed relative to E. So A clopen <= E\A clopen)

(f) @ and R" are the only subsets of R" that are both open and closed.

Hints: 1->2, 3—>4—>6, 5—>6

Test

60% exam stuff already discussed in class (can reproduce proof from notes), maybe 2 more part of it.

Chapter 3

Sequences and Metric Spaces

Definition Let x be a metric space. Let {x,},_; € X and p € X. We say that lim,_,..x, = p if for any € > 0 there is
N > 0 such that n > N implies x, € B(p,€).

Examples. {%} in R converges to 0, but {%} in {0, 1} does not converge.

Example. Let p,g € X, p # q. Define

Xon =D n=0,1,2,...
Xon+1 = ¢

Prove {x,} diverges. We need to show that any point x € X is not a limit of {x, }

Theorem. X metric space.

(a) {x,} converges to p € X iff every neighborhood of p contains only finitely many terms of {x,}. (Definition)
(could also say almost all terms of {x, }

(b) If {x,} converges in X, then the limit is unique.
Proof. Assume that lim, ...x, = p and lim, ..x, = ¢g. Then d(p,q) < d(p,x,)+q(x,,q) < 5+ 5 for big
enough n. Therefore d (p,q) =0 and p = q.

(¢) If {x, } converges, then {x,} is bounded.
Proof. Suppose lim,,_,. X, = p. Then 3N > 0 such that Vi > N, d (x,, p) < 1. Let M =max {d (x1, p) ,d (x2,p),...,d (xy,p),1}.
Then
d(xe,p) < MVk=1,2,3,...

(d) Let E C X. If p € X is a limit point of E then there is a sequence {p,} in E such that lim,_... p, = p. (We’ve
done this before.)
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(e) Suppose x, € R¥ and x, = (Xu,,Xny,...%n ), n = 1,2,3.... Then lim,x, = p = (pi,...py) iff for each

J=1,2,... .k lim,;_.x,; = p;j (must converge componentwise).
k
max < |x,—p|
j=1
2 2 2
< PP+ o ()
<

Vi max|x,, — p;|
Jj=1"

Subsequences

Definition. {x,}; let n; < np < ... be a seqeuence of positive integers. {xnj} is called a subsequence of {x,}. If
lim;_ex,; = p exists, then we say that p is a subsequential limit of {x, }.

Theorem. lim, ..x, = p iff every subsequence {x,, } of {x,} converges to p.
Proof. < needs no proof.
= Need to show that, given any € > 0, 3/ € N such that if j > J,then d (xnj, p) <& (Then limj .. x,; = p).
Since lim, X, = p, V€ > 0, IN > 0 such that if n > N then d (x,, p) < €. For this N, there is J such that if
Jj>Jthenn; > N, so that d (x,, j) < € Therefore, lim, .. Xn; = p.

Theorem. If {x,} cna be partitioned into a finite number of subsequences, each of which converges to the same limit
p, then lim,, .. x,, = p.

Proof. Prove that every subsequence of {x,} converges to p.

Theorem.

(a) If {x,} is a sequence in a compact metric space, then {x, } has a subsequential limit in X. That is, it’s sequentially
compact. (we’ve done this before.)

(b) Every bounded sequence in R¥ contains a convergent subsequence.
Proof. Since it’s bounded, you can throw a closed set around the sequence and then it’ll be compact.

Theorem. Let {x,} be a sequence in a metric space X, and let E* be the set of all subsequential limits of {x, }. Then
E* is closed.

Proof. Let p be a limit point of E*. We want to prove that p € E*.
Let & = d (x,,,p) > 0. Consider B (p, %) In this ball there is ¢ € E*. Sicne ¢ is a subsequential limit of {x,};

that is there is x,, (require ny > ny) such that x,, € B (q, g). Therefore,

d(xn,p) < d(xn,q)+d(q,p)
< )
5
Continue doing this with g, % etc, and we obtain a subsequence, {xnj} of {x,} such that d (x,,j, p) < 2%

Therefore lim;.cx,; = p € E*.

November 13

Cauchy Sequences in Metric Spaces

Definition. {x,} is a Cauchy Sequence if, for every € > 0 there is N > 0 such that for all n,m > N, d (x, ) < €.

Theorem. Every convergent sequence {x,} is a Cauchy sequence.
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Proof. Assume that x, — p € X as n — oo. Then for every € > 0, there is N > 0 such thatif n > N, d (x,, p) < % Then
€

for any n,m > N we have d (x,, %) < d (X, p) +d (xm,p) = 5 + 5 = €. Therefore {x,} is Cauchy.
Theorem. {x,} is not Cauchy if for any € > 0 (complete)
Example. Prove that x, = n is not Cauchy.
Theorem. Any Cauchy sequence is bounded.

Proof. Assume that {x,} is a Cauchy sequence in X. Then there is N such that for all n,m > N, d (x,,x,) < 1. In
particular, d (x,+1,X,) < 1 for all m > N. Let

M= max{d(xl,xN+1),d(x2,XN+1)7~~~ad(xN7xN+1)71}~
Then d (xg,xy+1) <M forallk=1,2,3,....

Theorem. Let {x,} be a Cauchy sequence that has a convergent subsequence {xnj} such that lim;_,..x,; = p. Then
the entire sequence {x, } converges to p.

Proof. Given € > 0, there is N > 0 such that if n,m > N then d (x,,x,,) < €. For this €, there is J such that n; > N;
thuse for all j > J, d (x,,,p) <e. Foralln >N, d (x,,p) <d (xn;,%:) +d (xn;,p) <&+€=2e. (wheren;isa
fixed number greater such that j > J).

Definition. X is complete if every Cauchy sequence converges to a point p € X.
Theorem. If X is complete and Y C X is closed, then Y as a subspace is complete.

Proof. Let {x,} be a Cauchy sequence in Y. Then {x,} is a Cauchy sequence in X. Since X is complete, x, converges
toapoint p € X. Since Y isclosed, p €Y.

Theorem If X is a metric space and Y C X where Y is complete as a subspace, then Y is closed.

Proof. Let p € Y. Then there is a sequence {x,} in ¥ such that {x,} — p as n — . This sequence is a Cauchy
sequence in Y. Since Y is complete, {x,} converges to a point in Y. This point must be p because the limit of
sequences is unique. Thus p € Y so Y is closed.

Thoerem. If X is compact, then X is complete.

Proof. Let {x,} be Cauchy. Since X is compact, it’s also subsequentially compact: that is, {x,} has a subsequence
that converges to a point in X, and the rest follows.

Theorem. R” is complete.

Proof. Given a Cauchy sequence {x,}, then {x,} is bounded. By Bolzano-Wierstrass in R'8, {x,} has a convergent
subseequence that converges to a point p € R". Therefore, the entire Cauchy sequence converges to p € R".

Definition. Let X be a metric space. A C X is called totally bounded if, for every € > 0, there are {x|,...,x,} (finitely
many points) in X such that A C U, B (x;,€).

Theorem. X is compact if and only if X is complete and totally bounded.

Proof. (Beautiful) =: Suppose X is compact. Then X is complete. Assume that X is not totally bounded. Then there
is €9 > 0 such that any collection of finitely many balls B (x;,€&),...,B (x,€p) cannot cover X. Take x| € X.
B (x1,€0) cannot cover X, so there’s x, € X\B(x1,&p). B(x1,€0) UB (x2,€p) cannot cover X, so there’s x3 in the
union of those two balls. Do this forever and get an infinite sequence such that the distance between any two
Xx,,’s is greater than €. This sequence has no convergent subsequent, so it’s not subsequentially compact and not
compact, a contradiciton.
<: We need to show that X is subsequentially compact. Given any sequence {y,} C X, we’ll select a Cauchy

8Every bounded infinite sequence in R” has a convergent subsequence, or has a subsequential limit.
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sequence from {y, }. Since X is complete, this Cauchy sequence converges to a point in X, so X is subsequen-
tially compact.

Now we need to get us a Cauchy sequence from {y,}. Begin with n = 1. Cover X with finitely many balls
of radius 1. At least one ball, say Bj, contains infinitely many terms of {y,} (or a subsequence), {x;} =
{x1,1,X12,%1 3, ...} (the first index represents B.)

Now consider n = 2. Cover X with finitely many balls of radius % Then at least one ball, say B,, contains
infinitely many terms of x1, {x2} = {x2,1,x22,,%23,...}. (Note that we don’t care if B, C B.) Do this forever.
Then:

1) The nth row {x,} is contained in B, with radius %

2) the nth row is a subsequence of the n — 1st row.

Cosider x1,1,X22,%33, . ... This is Cauchy (homework). (Perhaps x1 1,x2,1,X3,1 is one too)

Sequences of Numbers

November 15, 2006

Definition lim,_...a, = a if for all € > 0 there is N > 0 such that if n > N we have |a, —a| < &.
Theorem. If a, > 0 and lim,_...a, = a, thena > 0.

Proof. For any € > 0, 9N such that n > N implies € < a —a, < €. It follows that —€ < a — a,, < a (because a, > 0).
Since € is arbitrary, a > —€ soa > 0.

Theorem. Assume that lim,_...a, = a and lim,,_... b, = b. Then:

o lim, o (at+b) =1im,; wa+lim, b
o lim, .. (ca,) = clim,_wa, =c-a

e lim, .. (anb,) =ab

Proof.

|anb, — ab |anby, — anb + ayb — ab|
= |anbn - anb‘ + |anb - ab‘

= |an| by — b + b |a, —al.

A

We can make |b, — b| and |a, —a| as small as we want, but |a,| is a problem. Since a, — a, |a,| — |a|. Soif n
is large enough then |a,| < |a| + 1. so continuing on we have

anlba =] + bl an—al < (Jal +1) by — bl + |bl an —a]
< (al+ ) g+ g
- 2(la|+1) 2|

Ve > 0 3N > 0 such that for every n > N we have |b, —b| <&,

ay —a| < € and |a,| < |a|+ 1. Then

|anby, —ab| < (Ja]+1)e+|b|e
= (la|+1+41b))e.

Note that that’s fine because (|a| + 1+ |b|) is a constant that’s independent of n, so we can scale €

o lim, .. (%) — ¢ provided lim, ..b, = b # 0.
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Proof.

a, a a,b—ab,
b, b| bnb
_|anb—anby, + anby, — aby
B b,b
< |an| |b —by| + |by||an — al
- |bn| (5]
1)|b—>b b|+1 —
< (lal + 1) [b—bu| + (bl +1)|an—a] . . big enough
3
2
< Me.
Theorem. If a, > b, then lim,_..a, > lim,_..b,
Proof. a, — b, > 0. Then
lim (a,—b,) > 0
Nn—o0
lima,—limb, > 0
n—oo n—oo
lima, > limb,.
n—oo n—oo

Sandwich Theorem. If a, > b, > ¢, and lim,_..a,, = lim,_,.. ¢, = L then lim,,_,.. b, = L.
Definition. {a,} is bounded if 3M such that |a,| < M for all n.
Definition. {a,} is non-decreasing if a, < a,.|Vn and non-increasing if a, > a,Vn.

Theorem. (Monotone convergence principle) Given {a, }, if {a, } is non-decreasing and bounded above then lim,, ... a,
exists.

Proof. {a,}is bounded above. By the Completeness axiom, there is a suprememum of {a,}, that is, L = supa,. We
can show that L = lim,, ... a,.
Ve>03dN >0suchthat L—e<ay <a, <L<L+e¢€solim,_a, =L.

Exercise. If we assume the Monotone Convergence Principle, prove the Completness Axiom. (extra credit problem)
Wanna see what else is equivalent to the MCP in R? These seven theorems!

(a) Every subset of R that has an upper bound has a supremum. (The Completeness Axiom)

(b) Every non-decreasing sequence that is bounded above has a limit (Monotone Convergence Principle)
(¢) If [an, by is a nested closed interval and |b,, — a,| — 0 then ("_; [an,bn] = {c} (nested closed interval)
(d) Every closed and bounded subset of R is compact (Heine-Borel)

(e) Every bounded infinite set has a limit point (limit point compactness)

(f) Every bounded sequence has a subsequential limit (sequentially compact)

(g) Every Cauchy sequence converges. (Complete)

Hint: prove in sequential order, and they’re all in our notes except 7 — 1.
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Monday, November 20

Theorem. Given {a,}, let E* be the set of all subsequential limits of {a,}°. Suppose {a,} is bounded. Then E* is
also bounded.

Definition. Define a* = supE*, where E* is described above and a, = infE*. Therefore a* € E* and a, € E*. Since
E*, a* € E* and a, € E*. Therefore a* is the maximal subsequential limit of {a,} and a, is the minimal
subsequential limit of {a,}.

Characterization of ¢* and a.

(a) an, < a* +¢ for all but finitely many »; that is 3N > 0 such that for all n > N a, < a* +¢. (Implies that no
subsequential limit is greater than a*)

(b) a, > a* — ¢ infinitely often. (For any € > 0 and any N > 0 Ja, such that a, > a* — €& n > N) (Implies that there
exists a subequential limit > a*) (ie for every € > 0 there is a, such that a, > a*¢.)

(¢) Similarly a, < a, — € for almost all n...
Similarly, for every € > 0O there is N such that n > N = a, > a. — € (ie no subsequential limit is less than a,

(d) and a, < a, + ¢ infinitely often: For every € > 0 and for every N = 1,2,3,... 3n > N such that a, < a, — € (there
exists a subsequential limit < a,)

Theorem.
a* = lim sup (a;) = infsup {a; }
= k>n n k>n

a, = lim inf {an} = sgpgﬁ {a}

Proof. sup,.,ar = sup{au,ani1,an42,...}
Denote b, = supy-., ax. Then clearly b, is nonincreasing. Suppose {a,} is bounded. Then lim,_... b, exists and
is equal to inf {b, }. (this is the first charictarization.)
For the second one, show that lim,,_... b, = a*
<« show that for every € >0, N > O such thatn > N = |b, —a*| < &
<a*—e<b,<a"+eVn>N
< a* —e<sup{ay,anii1,an42,...} <a*+eVn>N.
The first inequality is a characterization of a*
The second inequality in the last line means a, < a* +¢€ for all n > N. But that’s a characterization of a*.
The other equality works similarly.

Note that limsup and liminf always exists.

Example liminf, g, <limsup, a,.

Proof. infy>, a; < sup;., ax

Example limsup (a, + b,) < limsupa, + limsupb,

Proof. sup{a,+by,ant1+Dbyt1,...} <sup{an,ani1,...} +sup{bn,bp+1,...}

Lemma. limsup, x, < x iff for every € > 0, there is N > O such that x, < x+¢€foralln > N.

Proof.

Theorem. Assume that lim,_...a, = a. Then limsup,_,., (a, + b,) = limsup,,_,. a, +limsup,,_,., b, (in other words,
only one of the limits has to be finite for equality to hold.)

IWe proved earlier that this is closed, theorem 3.7.
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Proof. It’s enough to show that
limsup (a, + by,) > a+limsupb,.
n

n

Note that limsup,,x,, > x iff for every € > 0, there are infinitely many terms x,, > x — €.

Given € > 0, then IN > 0 such that Vn > N, a, > a — € (because lima, = a) and at the same time, b, >
(limsup, b,) — € infinitely often. Combining these, we have a, + b, > a+ limsup,, b, — 2¢ infinitely often. But
that means x, > x — € infinitely often and we’re done: limsup, (a, + b,) > a+limsupb,,.

limsup (a,b,) = limsupay, - limsup b, provided limsupa, > 0. (let a,b, be x, and the right side be...what?)
{x»} bounded sequence. Then

(a) ift m <x, <M forall n > N, then liminf,,_,..x, > m and limsup,_,,x, <M.

(b) if B > limsup,,_.., X, then there exists N > 0 such that x, < 3 for all n > N. (actually if and only if)

(¢) if o < liminf,_,.. x, then there exists N > 0 such that x,, > o forall n > N

(d) {xn} converges iff limsup,_,.,x, = liminfx,

(e) liminf(c+x,) = ¢+ liminfx, and limsup (¢ +x,) = ¢ + limsupx, (just a special case)

(f) If ¢ > 0, then liminf, . (cx,) = climinf, . x, and same with lim sup

(2) If ¢ <0 then liminf(cx,) = climsupx, and vice versa.

(h) If {x,, } is a subsequence of {x,} then liminfx, < liminfux,; <limsupx, <limsupx,

(i) For each € > 0, both of the sets of integers {n : x, < liminfx, +¢€} and {n : x,, > limsupx, — €} are infinite.

November 22

Postpone homework one week
extra credit postpone twoweeks
continuity homework won’t be due, just practice

Series of Numbers

We don’t have this concept in general, just in R.

Definition Y, a, converges if 5, =} °_| a, converges. {s,} is called the partial sum sequence. If lim, s, = s
we write
Z a, = s,
n=1

and s is called the sum of } a,,.

Theorem (Cauchy Criterion) Y a, converges iff Ve > 0 IN > 0 such that for all n,m > N, we have

< E.

m
Y ax
k=n

Or, for all n > N, and p > 0 integer,
n+p

Z ap < €.
k=n
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Proof. Assume ) a, converges. Then lims, exists. Therefore s, is a Cauchy sequence, so for every € > 0 there is
N > 0 such that, if n,m > N then |5, — s,| < €. Assume WLOG that m > n. Then

n

Y

k=n+1

= <E&.

m n
Y =) a
k=1 k=1

Example };” % diverges.
%—Fm—i— ﬁ (n terms so p = n) is at least as big as n - 2nl—71 > % for all n. deg such that forany N =1,2,...,

there are n > N and p > 0 such that ‘Z’Z:’f ak‘ > €.

Corollary If } a, converges, then lim,_,.. a, = 0.
Definition Series with nonnegative terms )., a, a, > 0 Vn
Theorem (Boundedness Criterion). If |s,| < M for all n and some M > 0, then } a,, converges.

Proof. If Y a, is such that a, > O, then s, . If s, is bounded above, then lim,,_,, s, exsits by monotonic convergence
principle. Therefore Y a, converges.

Theorem (Comparison Test) If Y a, and )b, are both nonnegative and a,, < b, for all large enough n. Then

(a) If ¥ b, converges, then Y a, converges. (because partial sums are bounded by } a,,)

(b) IfY a, diverges then } b, diverges.
Theorem (Limit Comparison Test) } a, and }_ b, are nonnegative and

lim an =L

n—oe Py

(a) If L # 0, # oo then both a,, and b, converge or diverge.
(b) If L =0, then } b, converges implies Y a, converges.

(c) If L = oo then Y a, converges implies }_ b, converges.

Proof. (1) For large n we have
L a, €L

25,2
ife= % > 0 and L 5 oo. Therefore %bn <a, < %bn.
(3) If L = oo then for large N,
an
—>M
by

for some positive M. So a,, > Mb, for all n large enough.
Question what if we use limsup or liminf instead of lim?

Theorem (Cauchy’s Condensation Test) If a,,’s are nonegative and are eventually nonincreasing, then the series ) a,
converges if and only if
Z 2ka2k
k=1

converges.
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Proof. Lets, =aj;+ay+---+a, and ty = aj +2a +4ag + - - + 2Xa,. For 2871 <n < 2k,

Sn a1+ (a2 +az)+ (as +as+ag+az) + -+ (ap1 + a1+ +ay_;)
a1 +2a +22a4 +-- +2k71a2k_1 =1Ir_1

artar+(az+ag)+-+ (apa g+ Fay1) =sp

IV IA A

Sn

1
541 +ax+2as+4ag+ -+ 2k_2(12k—1

Y

1 1
= 3 (m +2(12+"'+2k_1112k—1) = St

Example )~

nlnp
oo . 1 o0 1 k
£ L ()

This is a geometric series, use the condensation test with a common ratio of
(huh i didn’t get the last bit)

2p -1 if p <1 then it’s convergent

oo 1
n=1 p(inn)?

Example Y,

; kan ; 1n2

which is a p-series.

Theorem (The Ratio Test) Y. ay, a, > 0. Let R = limsup,,_,., ”’;—:‘ and r = liminf,,_.. “’;:‘ . Then:
(a) If R < 1, then ¥ a, converges.
(b) if r > 1, then Y} a, diverges.
(c) If r <1 <R, then the test in inconclusive.

Proof.

(a) If R < 1, choose p such that R < p < 1. Since limsup a;—:‘ = R < p, there is N such that for all n > N,

ap+1

< p
an
aAN+2
2 0
AaAN+1
et cetera. . Then
an+2 < panyi
2
an+3 < pan+2 S pTan+i
an < p"Nlayy =Mp"

where M = pV~! is constant. So we can do some comparison test and know ¥ a, is convergent.

(b) If liminf, .. a;“ =r > 1, then choose p such that » > p > 1. Then there is N > 0 such that for all n > N, we
have “Z—:‘ >p.Forn>N,

an > Pan_1 > pano > >p" Nlay, 40

because p > 1. Therefore } a, is divergent.

(c) Replace liminf with limsup from (2). It breaks down because there are infinitely many terms where a’;—:l >p
doesn’t hold, so the inequality doesn’t work.

Question. Can we replace limsup with liminf? Why not?
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Monday, November 27
Theorem (Root Test) }>_; a, a, > 0 and R = limsup,,_.., {/a,. Then

(a) If R < 1 then ¥ a, converges.
(b) If R > 1 then } a, diverges.

(c) If r =1 then the test is inconclusive.
Proof.

(a) If R < 1, choose p such that R < p < 1. Since limsup {/a, = R < p, there is N such that for all n > N,
Van < p,
that is, a,, < p” and so )} a, converges.
(b) If limsup,, ... /a, =r > 1, then let r > p > 1, then there are infinitely many germs {/a, > p > 1, so {/a, > p"
and Y a, is divergent.
Note that the root test is stronger, because we can have the ratio test fail but the root test hold.
Practice

(a) Let {a,} be a sequence of positive numbers. Prove that

liminf 2 < limsup ¢/a, < limsup /@, < liminf &+
a an
(b) Use (1) to justify that the root test is a stronger test than the ratio test. Find examples of series for which the root
test works but the ratio test fails.

Theorem (The Integral Test) Given a series ) a, with nonnegative terms, suppose that there is a continuous, nonneg-
ative, and nonincreasing function f (x) on [1,e0) so that f (n) = a, for all n. Then Y a, and [} f (x)dx either
both converge or both diverge. Furthermore, if ¥ a, converges to s, then 0 < s —s, < f (x) dx for all n, where

Sp = Zzzl ayg.

Proof. (1) s, = f(1)+f(2)+-- +f( ) <
Q) ' f)dx < f)+f(2)+-+

Denote

]E() U f (x)dx

n ): 1>0

k=1 k=1
n
th=[ f(x)dx
1
d, =s,— 1,

1. Want to show f(n+1) < d,41 <d, < f(1) (this will show that d, is a decreasing sequence).

n+1
fpr1 = /1 F(x)dx

noork+l
x)dx
Y s

no okt

IA

\

=
I
=



This implies

fn+1) = sup1—sn
< Sptt —Ingd
= dpy1.

For the second inequality,

dy—dy1 = (Sn ) (5n+1_tn+l)
= (tn+1 ) (Sn+1_5n)

n+1
fx)dx—f(n+1)
" fn+1)dx—f(n+1)

/
b

Therefore

dy
d
f(1)

Therefore limd, exists; that is lim,_,« (s, —1,) exists, so they both diverge or converge.
(2). Want to show 0 < d, —D < f (n) where D = limd,,, assuming lim,_,.. f (x) = 0.

dn+1

INIA

dy—dys :/ F)de—f(x+1)
< f(n)—f(n+1) foralln

N

therefore N .
0< Y (di—diir) <Y (f (k)= f(k+1))
k=n k=n
is a telescoping series: the middle terms cancel.

M
A}iinm];l(dk —dit1) = Jim (dn —dm+1)
Y (di—dir) <Y (f (k)= f(k+1))
k=n k=n

therefore 0 < d, —D =Yy, (dx —dik11) < f(n).

OSS,,—/lnf(x)dx—DSf(n)

this is useful because if we’re trying to find the partial sum, we can use the integral to approximate the partial
sum provided we know D.

We still have one more thing to prove: if } a, converges to s then 0 < s —s, < fn°° f(x)dx. Assume s exists.
Then:

0 £ d4,-D

I
N
™
Q
~
|
\=
~
©
&
~_—
|
/N
[
|
\8
~
©
&
N—

SO now
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Example. Find an integer n so that the nth partial sum of ), n% approximates its sum to 1073 accuracy.

[ - 3]
1

_ -8
= %<10 .

Then find n.

Example.

limd, exists and lim,,_..d,, = Y (Euler’s constant, about 0.5772...) We don’t know a damned thing about it, or
even if it’s rational. But we do know that if it’s rational, thenit’s in the form

’Y:

SR

where b > 10%*2%80 (proved in 2000).
Anyway, since the limit exists, we have

1

n

n
1
0< ——Inn—y<
< k; P v<
Theorem. (p-series test) ). ni,,: if p > 1 it converges, and diverges otherwise. Just use the integral test.

Series and Mixed Terms

(Series that have infinitely many positive terms and infinitely many negativer terms)

Definition ) a, converges absolutely if } |a,| converges.
Theorem. If } a, converges absolutely, then ) a, converges

Proof. Since Y |a,|converges, Given any € > 0 3N > 0 such that for m,n > N, ¥}' , |ax| < €. But this implies
‘Zkzn ak| < E.

Definition We say Y a,, converges conditionally if Y |a,| diverges and ¥ a, converges.

Theorem. (Abel’s Formula for Summation by Parts) Given 2 sequences {a,}, _, and {b,},_, let Ay = Y}_,ax and
A_1 =0. Then for 0 < p < g, we have

q q=1
Y anby =Y Au(by—bui1) +Agbg—Ap_1bp.
n=p n=p
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Proof.

1=
=

n

=
3

)b

q
Z ab, =
n=p

i
<

I
MQ

ZA,, b

g-1
= Anbn — Z Apby 1 (replacingn with n+ 1)

3
H

n=p—1

14
-1
= Z (bn—but1) +Agbg +Ap_1b).

Theorem. (Dirichlet Test, really powerful) if the partial sum A, of )} a, is bounded, and b, is decreasing to O mono-
tonically, then Y a,b, converges.

Proof.
q
Zanbn = ZA n+l +A b p lbp
n=p n=p
g—1
< Z‘An|(bn_bn+1)+‘Aq|bq+|Ap—1|bP'
n=p

(note that since b,, decreases monotonically,
are all less than some M. So now we havve

by —bpi1| =b,—b Agland |A,_i|

g—1 g—1
Y A (bn = buy1) + |Ag| by +|Ap-1|bpy <M <Z (b — but1) +bq+bp> :
n=p n=p
this is a telescoping sum, and the whole thing turns out to be 2Mb,,. Since b, — 0, 2Mb, — 0. Thus ¥ a,b,
converges by the Cauchy Critereon.
Warning. Zhou thinks that proof is very nice.

Theorem. (Leibniz Test, or Alternating Series Test) If a, > 0 and aj, is decreasing to 0 monotonically, then Y > (—1 ) ay
converges.

Proof. ¥ (—1)" is bounded (by #1) and @, \, 0 so it converges by Dirichlet Test.

Practice. Construct a seris Y, (—1)"a, that is divergent even though a, — 0 as n — oo, then try a general rule to
construct an example.

Theorem. (Abel’s Test) If ¥ a, converges and {b,} is a monotonic convergent sequence (it doesn’t have to converge
to 0). Then Y a,b, converges.

Proof. Assume that b, /" b. Then b —b, \, 0. Then ¥ a, (b — b,) converges. Now Y. a,b — Y a,b, =bY a, — Y a,b,
must converge. Therefore } a,b, converges. (#8 on homework)

Example. Y,
cosnx, b, = % Then b, \, 0. We have to prove that

cosnx
n

is convergent, provided x # 2kmw. Also ), Si‘;"x converges everywhere. Use Dirichlet a,, =

n
Z coskx

k=1

<M

for all x. This is hard, but we could try to prove that

i coskx =
k=1

sinZrcos(n+1)3

in <
S]Il2
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and . S .
Zsinkx: sin %5 sin (n+1) §
k=1

and then we’ll have it. Use product-to-sum identity, or

P X
sm§

n ix i(n+1)x
Z ikx _ € —€< )
e = 1 ix
k=1 —e

and equate real and imaginary parts

Cauchy Product

Definition Y~ ,a,, Yo b, converge; The Cauchy Product (Y., oa,) (Xo_obn), which is defined to be Y ¢,
where

Cn Y abyy,n=0,1,2,...
n=0
= aob,+aibp_1+---+an_1b1 +apby

A slightly less obnoxious way to look at it is

¢y is called the convolution of }" a, and } b, . Note that that product isn’t always convergent! However, if one
of them converges absolutely and the other converges then

(ao—|—a1x—|—a2x2—|—~--) (bo—l—b1x+b2x2—|—---)

= agpbo + (aoby +aibo) x+ (aoby + a1 b; +a2b0)x2 +---
= (co)+ (c1)x+--(c2) ¥

Theorem (Mertin’s Theorem; Difficult) If } a, converges to A absolutely, and }" b, converges to B, then } ¢, con-
verges to ¢ = AB.

Proof. Denote A, = Y|_oar, By = Lj_obk, cn = Lj_ock and let B, =B, —B,or —=Y.1° | by.

n
Cp = ZC]‘

(that’s switching the order like [y i f (x,y)dydx = [y [} f (x,y)dxdx). Anyway,

n n

n
Y Yabiw = Y aB.y
k=0 j—k k=0

i ar (B+Ba-x)
k=0

n n
= Y @B+ ) afpr
far =0
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As n — oo, we have AB+0, if we can prove that '}, axf,—x — 0 (which is tricky). We need to show that

n
lim Z akﬁn,k =0.
k=0

n—oo

n N n
Y aBoi=Y aBoi+ Y axBus
§=0 i=0 k=N

Given € > 0, choose N > O such that }}_ |ax| < €. (We can do this because Y a; converges absolutely). Then

n n
Y aBui] <Y laxlIBal
k=n+1 k=N+1
n
< B Y
k=N+1
< Pe.

December 4, 2006

If Y7, ax converges absolutely, Y7, by converges, then C = Y7, ¢; converges
Cn = Yh—okbn—t =
LetC, = ):;!:0 cj. Then

1=
M-
s
Na

L

Cp ==

~.

Il
o
T
o

T
=}
<
Il
~

I
7=

-
2
&
Iy

n

k=0
= Y @B, (where B, =Y by
k=0 k=0
n
= Z ay (B — ank) (Where B, =B+ ank)
k=0

where

n—k oo
Bk = Y bi— X0
=0 =0

= - L b

Jj=n—k+1

which goes to 0 as n — oo for each fixed k since it’s the tail of B series. Thus f,_; goes to 0. So

(i ak3> + i aPn—k
k=0 =0

— AB+0

i ax (B —PBn—r)
k=0

if we can show that the right term goes to 0
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Let B be such that |B,| < for all n, and let @ = Y';  |ax|. Given any € > 0, there is N > 0, such that Y}, | [ax| <€
for all n > N+ 1. Fix this N, and write the sum Y_}_ axf,— into two parts:

n N n
Z aan—k = Z aan—k + Z aan—k
k=0 k=0

k=N+1

Let’s look at the second term first.

n n
Y aBik| < Y JaBul
k=N+1 k=N+1
n
= Y lal|Buil
k=N+1
n
< B Y lul
k=N+1
< €p.
Looking at the first term:
N
Zaanfk
k=0

Let Ny be such that if n > Nj then |B,| < €. Then forn >N+N;,n—k>(N—N;)—N =N, fork=0,1,2,...,N.
After that,

N N
Y aBoi| < Y lal Bl
k=0 k=0

< o€

Put them together:

N n
Z aanfk + Z Clan,k < oe+ EB
=0 k=N41

(a+P)e.

if n > N + N; Zhou says this is the end of the proof.

Test: M2 That bull*** isn’t going to be on it. 6 problems, series/sequences only, NOT cauchy product

Theorem. (Cauchy’s Theorem) If Y a,,Y b, converge absolutely, then Y ¢, converges absolutely and C = AB. (That
is, Y anby =Y. an Y. by.

Proof. Y |a,|, Y |by| converge, so Y d, is the cauchy product of ¥ |a,|,Y |b,| converges by Metwhatever’s theorem.
Note that |c,| < d, for all n. Therefore ¥ ¢, converges absolutely by comparison test. By Mertin’s theorem
again, C = AB.

Theorem. (Abel’s theorem) If } a,, and } b, converge, and if }" ¢, converges, then C = AB.

Proof. (This is going to suck, and in fact we don’t have the tools to do so.)

Rearrangement of a series

Definition ) b, is a rearrangement of }_a, if b, = ay(,) forn=1,2,3,... where f (n) is a permutation of N; that is,
fisal—1 function from N onto N.

For example, a; +a» +a3 +---+ajo+--- can be rearranged as ajo+ag +ajg+ay+---.
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Theorem. (Riemann’s Theorem) If ) a, converges conditionally (That is, it converges but ¥ |a,| diverges), then for
any o (including 4-e0), there is a rearrangement Y b, of } a, such that }_ b, = o.

Proof. If ¥ a, converges conditionally, and if & and P are such that —eo < ot < B < oo, then there is a rearrangement
Y b, of ¥ a, such that liminf, .. B, = @, limsup,,_,., B, = where B, = b +by+---+b,,.
Choose {a,} and {B,} such that o, — av and B, — B, o, < B, B1 > 0.
Y a, converges conditionally
Consider ) p,, and )" g, (where p, is the positive terms of a, and g, are the negatives of the negative terms; that
is, they’re all positive, and we remove the zero terms). We’ll get that both ¥ p,, and Y ¢g,, diverge cause if one of
them does a, will converge absolutely. By the n-th term test however a,, — 0 but that means p, — 0 and ¢, — 0

Monday, December 11

From last midterm: want to prove ) a, converges because Y. |a,| converges: can not say |Y.ax| <Y |ax| < e. But we
can say |Y ax| <Y |ax|

Continuity

Limits of functions

Definition X,Y are two metric spaces. Define a function f: X — Y (into). Let £ C X, and suppose p is a limit point
of E (note it doesn’t have to be in E). lim, . ek f (x) = g, that is, the limit of f as x goes to p through E if
Ve > 0, 38 > 0 such that for all x € E with 0 < dx (x,p) <9, dy (f (x),q) <e.

This limit depends on E. For example, if X =Y =R. Let

)1 x€Q
o {1 158

then lim, 4 f (x) = 1 but lim,_ ;.0 f (x) = 0 and lim,_4.xer f (x) doesn’t exist.

If we omit the restriction x € E, then x € X.

In R this means, limy_, f (x) = limy_,4.xes f (x) where I is an open interval around a. This can also be generalized to
R".

When X =Y =R!, lim,_, f (x) = o if, given any M > 0 there is § > 0 such that if 0 < d (x,a) < J, then f (x) > M.
Similarly, limy_,e f (x) = —eo if, given any M > 0 there is 8 > 0 such that 0 < d (x,a) < § = f(x) < —M.

limy_.o f (x) = L means: Given any € > 0 there is M > 0 such that for all x > M, |f (x) —L| <&

lim,_, o f (x) = oo means: Given any € > 0 there is M > 0 such that for all x > M, f (x) > M.

Examples. Prove:
(a) limy_ x% = .
|x? —a?| =--- < M|x—al, where M is a constant independent of x:

|x27a2| = |x+al||lx—al.
Since x — a, |x —a| < 1 eventually, so |x| = |[x—a+a| < |[x—a|+ |a| < 1+ |a| Thus

lx+a| < |x|+]a| < 2|a|+1.

Now, given € > 0, let S:min{l, %} Then if 0 < |x —a| < §, then

(2lal+1) |x—al
€.

W —a?| <
<
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(b) lim,_, /9L = 10.
We need H —10]--+ < junk [x— li|

1 10 1
ST [ N
X ’ X ’x 10
x — 15 if [x— 15| < 25 then x > 55 (lower bound). So,
10 1
Pl Ll <o _
w710 =201

if |x— 15| < 55 Thus for all € > 0, 38 = min { 55, 55; } such that etc.
(c) Forx€[0,1],

x#0,x="L(p,q)=1
x¢Q
x=0

flx) =

S O

prove lim,_,, f (x) = 0.
Given a and € > 0, we need to find a § > 0 such that if 0 < |x—a| < & then |f (x) —0] <&.
What if |f (x)| > €? Then x must be rational, so it’s 5 and f(x) = % Therefore we need é > g, that is,

g < é There are only finitely many of these: 1, %, %, %7...,%, %,...,% where n = [%] Now choose & so
those points are not in the interval. But what if a is one of those? We don’t care, because it’s excluded

from the definition of the limit.

(d) Tflim, . f (x) = I (finite) and limy o g (x) = e, then lim, ., £ =0

[\

If limy o f (x) =1 > 0, and g (x) > 0 in a neighborhood of oo (that is, (M, o) and lim,_,. g (x) = 0, prove
that lim,_... g(—) — oo
x

N

f(x) = lasx— a3d; > 0suchthat |f(x) -] <1
IfF@I < 1f () -1+
< f) =1+
< |I|+1

If (x)] > %l Now make &, such that |g (x)| > M. We hope ‘g‘ < MTH < €. Choose 8 to be the minimum
of them

Wednesday, December 13, the last )(#*&$)(@#+$& day of class

Theorem. Let X,Y be metric spaces, E C X, p is a limit point of E. Then lim,_,,, f (x) = ¢ iff lim,, ... f (pn) = ¢ for
every sequence {p, } in E such that p, # p and p, — p asn — oo,

Proof. = If lim, ., cr f (x) = ¢, then given € > O there is 8 > 0 such that if 0 < d(x,p) < & and x € E then
d(f(x),q) <e. Let {p,} be any sequence in E such that p, # p limp, = p (because p is a limit point of
E) 3N > Osuchthatif n > N, d(py,p) < 9. This implies that d (f (ps),q) <€, 80 lim,_e f (p) = g.
< Iflima, = p then lima,; = p for every subsequence
(by contradiction) assume that lim,_,, xcg f (x) # ¢. Then there is €y > 0 such that for each n =1,2,3, ... there
is a point p, € E such that d (p,,p) < % and d (f (pn),q) > €o. Therefore lim, .« f (pn) # g, contradiction
Example. f(x)=sin % WTS lim,_,o sin% does not exist.
It’s enough to show that there are two sequences
X, = ﬁ, X, = W
Both converge to 0 but f (x,) and f (x},) converge to different numbers.
S (x4) =0 always, and f (x},) = 1 always so there
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Theorem. If f(x) has a limit at p, then the limit is unique.

Example. Assume that lim,_,, f (x) = g1, and lim,_,, f (x) = g». By the above theorem, 3p, — p so that f (p,) — q1
and f (pn) — ¢». Therefore g1 = ¢».

Theorem. (Cauchy’s Critereon) Suppose X, Y are metric spaces, Y is complete. f: X — Y. p € X Then lim,_,, f (x) =
g exists in Y iff, for any € > 0, 38 > O such that 0 < d (x1, p) < dand 0 < d (x2, p) < dimply d (f (x1),f (x2)) <e.
= Suppose lim,_,, f (x) = ¢ in Y. Then Ve > 0, 38 > 0 such that if 4 (x, p) <, then d (f (x),¢) < 5. Then for
any x1,x; with 0 < d (x;,p) <9,i=1,2,... we have

d(f (1) of (x2) Sd(f (1)) +d(f (12) 9) < 5 +5 =€

<: Only need to show for any {p,}, p, — p, we have lim, . f (p,) = ¢ (unique element). Let {p,} be a
sequence that p, — p. Then Ve > 0, 3N > 0 such thatif n > N, d (p,, p) < €.

Consider f (p,)

Want to show that f (p,) is a Cauchy sequence in Y. Ve > 0, AN > 0 such that m,n > N, d (f (p,), f (pm)) <€
Zhou is really confused at this point so I dunno, but i think we did this in 220 so gg

let {p;, } be another seugence that convergesto p. For any € > 0, there is N > 0 such that d (f (p.),q) < 5 and
also p), and p are both in the & nbhd of p. Then by assumption d (f (pa).f(p})) < 5

d(f(ph).q) <d(f(P,).f(pn)+d(f(pa),q) <t

write down and organize and “we’re going tos ee the proof”

Example. f(x)=0,x € Qor 1,x ¢ Qthen lim,_,, f (x) does not exist for any a € R.
enoguh to show in any 8—nbhd of a we can always find two points x,x; in this nbh such that |f (x;) — f (x2)| >
€ for some € but that’s all dense yo.

Example. f(x) =0,x € Q or x,x ¢ Q lim,_,0 f (x) =0 (so f (x) is continuous at 0), and the limit doesn’t exist any-
where else. so it’s continuous at one freaking point

0<|f(x)|<[x]—0
asx—0solim=0

Definition. X,Y metric spaces. E CX. f: X — Y (into) p € E. f is said to be continuous at p € E with respect
to E if, for every € > 0, there is a & > 0 such that if d (x,p) < d and x € E, then d (f (x),f(p)) < &. That is,

lim, e f(x) = £ (p).

Example. f(x) =0,x€ Qor 1,x ¢ Q is continuous at every rational with respect to QQ and also continuous at every
irrational with respect to Q¢ but not to R.

final

70% stuff in class or homework
30% new crap

countable/uncountable, metric spaces, sequences
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