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1. 17 {1,2,...,n} ~{1,2,...,m}, prove that m = n.
From class, we know that {1,2,...,n} ~ {1,2,...,m} if and only if the former has exactly m elements. But
{1,2,...,n} ~{1,2,...n}, so it also has exactly n elements. Thus m = n.

2. Let S be a finite set containing of n elements and let P (S) be the collection of all subsets of S. Show that P (S) is a
finite set and find the number of elements in P (S).

(Note that I'm using P (S) instead of T to denote the power set of S.) We can show that P (S) is a finite set by simply
calculating the number of elements in P (S). We’ll work by induction.

Let S, = {s1,52,...,5,} denote a set with cardinality n. For S| = {s;}, P(S) = {@,5;} has 2! elements. Suppose
P(S,—1) has 2"=1 elements. Then the power set of S,, will consist of all the elements of S,_1, together with the set of
subsets of S, unioned with {s, }. We can thus equate the cardinalities:

(S| = |P(Ss1)l+[{A|A={5,} UBVBC S, 1}
= [P (Sa-1)|+ |2 (Sa-1)l
= 2[P(Sp-1)|
= p.on1
— 2]’1.

Thus the power set of S, has 2" elements, which is finite.

3. Find a 1-1 function f from N onto S where S is the set of all odd numbers explicitly.
Let f: N — S be defined by
X x is odd
-

1—x xiseven.

(Note that f (x) is never zero.) Suppose f(a) = f(b). If they are positive, then we have a = b directly. If they are
negative, then we have 1 —a = 1 — b, which also leads to a = b. thus f is one-to-one.
£ is also onto: if x € S is positive then f (x) = x and if it’s negative then f (1 —x) =1— (1 —x) =x.

4. Let P, be the set of all polynomials of degree n with integer coefficients. Prove that P, is countable. (Hint: A proof
by induction is one method of approach.)

This might actually be easier if we don’t use induction. Let f : Z"+! — P, be defined by
f(ao,a17"' 7arl) =apt+ax+. ..a,,x".

Let ¢ = po+ p1x+ ...+ p.x" € P,. Then f(po, p1,...pn) = . Since we know that Z"*! is countable (it is the finite
product of countable sets) and we have mapped it onto P,, it follows that P, must be countable.

5. Use the above result to prove that the set of all polynomials with integers is a countable set.
Let P be the set of all polynomials. Then P = (J;_; P«. But this is a countable union of countable sets, and so P is
itself countable.




6. For each p € P, (P, as defined in #4), define B(p) = {x: p(x) = 0}. Prove that U,cp, B(p) is countable.

The Fundamental Theorem of Algebra guarantees that there are at most n unique real roots to any polynomial p (x).
Thus we can label the solutions ay, ..., a,, let’s say in ascending order (these are solutions in R so we can do so). Since
that cannot be larger than N we can easily modify the function from Problem 4 to suit our needs. Let g, : Z"*! x N —
B(p) x {1,2,3,...,n} be defined such that f (cop,c1,c2,...,cn,m) is the mth solution (remember we can order them
because they’re finite). To show that f is onto we let & be the kth solution to cg +cjx+ - - -+ ¢,x" = 0. Then

f(co,cty. .. cnk) =a

Since Z"*! x N is countable and maps onto B (p) it must be at most countable. We also know that B (p) is infinite
(there are infinite possibilities for x 4 ¢ = 0 for example) it must be strictly countable.

7. (Rudin problems are listed at the end.)

8. Show that the following sets are countable:

(a) The set of circles in the complex plane having rational radii and centers with rational coordinates.

Let’s call the set C. This can be described as {(x,y, r):x,y,r € Qand x4y = rz}. Let f: Q xQ xQ — C be defined
as f(x,%,2)g = (x,5,2)c. There’s no problem showing that this is onto: if (x,y,z)¢ is a circle in the complex plane
having radius z and center (x, y)then f (x,y,z) yields that circle. Thus we have mapped the countable set Q x Q x Q onto
C, so C must be at most countable. However, C is clearly infinite (there’s an infinite number of circles at coordinates
(0,0) for example) so C must actually be countable.

(b) Any collection of disjoint intervals of positive length.

Let S be the collection in question. We know that the empty set is countable (There’s zero elements), so let’s suppose
there’s at least one element (that is, interval) Sy € S. Note that within any positive length interval there exist at least
one rational number, because Q is dense in R. Let f: Q — S be defined as
F) A xecAforsomeAcS
X)) =
So otherwise

We need to show that f is onto. Since Q is dense in R we know any interval A € S there is at least one rational number
X € A; thus f (x) = A. f is therefore onto, and since the countable set Q is mapped onto S we know that S is countable.

9. Let f be a real-valued function defined for every x in the interval 0 < x < 1. Suppose there is a positive number
M having the following property: for every choice of a finite number of points x1,...,x, in the interval 0 < x < 1, the
sum |f (x1)+ -+ f (xa)| <M. Let S be the set of 0 < x < 1 for which f (x) # 0. Prove that S is countable.

I’m assuming countable here means at most countable. Let’s look at ST, the positive values of S first. For n € N, let
Iy = (1,00). By the Archimedian Principle, there can be no more than M elements greater in Iy, because if there were
more we could sum them up to get a value greater than M. Let S§ = {x: f(x) > 1}. Now let I, = (zi,,, 2,1%1} for

n=1,23..,andlet S} = {x: f(x) € l,} CS*. Again, by Archimedes there are at most 2 elements of S, in any
interval I;. Noting that ;o = (0,1] and ST = |3 Sk, we have expressed ST as a countable collection of finite
sets, and is therefore itself countable. Similarly, S, the negative values of S is also countable, and so § = ST US™ is
countable.



10. The purpose of this problem is to show that the open interval (0,1) is equivalent to the closed interval [0,1]. In
the process we will discover that both intervals are equivalent to [0,1) and (0,1]. It is then easy to generalize to any
interval [a,b] with a < b. In each case, you need to find an explicit equivalence relation.

Define f: (0,1) — R as follows. Forn € N, n > 2, f(%) = ﬁ and for all other x € (0,1), f(x) =x.

(a) Prove that f is a 1-1 function from (0,1) into (0,1].
Suppose a # b. If a is of the form 1 for n > 2 and b is not then f (a) will be of the form 1 and f(b) won’t be, so

f(b) # f(a).
Ifa= % and b = % with m,n > 2 and m # n then f (a) = ﬁ and f(b) = ﬁ Suppose they are equal. Then we have

L — _L_ _, = n, contradicting our assumption that m = n.

-1 m—1
Otherwise, f (a) =a and f(b) = b, so f(a) # f (b).
We have thus shown that f (a) cannot equal f () if a # b, which is the contraposition of what we wish to prove.

(b) Prove that f is a function from (0, 1) onto (0, 1].
Letye€ (0,1]. Ify = % for some n > 1, then f (n%l) = % =y. If not, then f (y) = y. In either case we have something
from (0, 1) being mapped to (0, 1] so f is onto.

(c) Find a 1-1 function from [0, 1) onto [0, 1].
Define g : [0,1) — [0,1] by

) 0 ifx=0
X) =
§ f(x) otherwise,

Where f (x) is as described above. We need to show that g is one-to-one and onto.

e One-to-one: Suppose g(a) = g(b). If g(a) =0 then a = 0 and b = 0 because 0 is the only value for which
g(x) =0, s0a=>. If not, then a = b for the reason outlined in part (a).

e Onto: If ¢ = 0 then g (0) = ¢; otherwise we can refer to the argument in part (b).
(d) Prove that [0,1) is equivalent to (0, 1].
Define i : [0,1) — (0,1] by
hix)=1—x
We need to show that % is 1-1 and onto.
e 1-1: Suppose f (a) = f(b). Thensince h(x) =1 —x— 1 —h(x) =x,wehave 1 — f(a) =aand 1 — f(a) =D,
leading to a = b.
e Onto: letc € (0,1]. Then f(1—¢c)=1—(1—c¢)=c.

(e) Prove that (0, 1) is equivalent to [0, 1].
Combining all these, we have (0,1) ~ (0,1] ~ [0,1) ~ [0,1] and (0, 1) ~ [0, 1] by transitivity. If you want an explicit
function then we can compose foho g to get what we want.

11. Let a,b,c and d be any real numbers such that a < b and ¢ < d. Prove that |a,b] is equivalent to [c,d]. Find an
equivalence function explicitly.

A straight line in R? should do nicely. The line f : R — R connecting (a,c) and (b,d) is f (x) = (££) (x—a) +c.

Note that f (¢) = a and f (b) = d. Since ¢ # d and a # b we know the line is neither vertical nor horizontal and thus
one-to-one and onto, and consequently [a,b] ~ [c,d].



12. If A is a countable set and B an uncountable set, prove that B\A ~ B.
(Note that the problem is trivial if A and B are disjoint.) A quick lemma before we get started.

Lemma. B\A is uncountable.

Proof. Suppose B\A is countable. Then B = (B\A) UA is the union of two at most countable sets, so B is countable,
which is a contradiction of our assumption.

Now for the real proof. From class, there exists a countable set C C B\A, which of course is also in B. Let’s label the
elements of C as {ci,c2,...} and the elements of AN B as {a;,a2,a3, ...} Now define f : B\A — B by

ai if x = ¢; where i is even
f(x) =4 ¢tz if x=c; where i is odd
x x¢C.

We need to show that f is one-to-one and onto.

One-to-one: Suppose f (x) = f (y).

Suppose x # y. Note that f ({c; : i even}), f({c; : i odd}) and f (B\ (AUC)) map to three disjoint areas of B and form
a partition. Thus if x and y are not in the same set then f (x) = f (y) is impossible. We thus just need to check these
three cases.

(a) If a= ¢ and b = c; where k and j are even but k # j, then f (a) = ay > and f (b) = a;/», which are two different
elements of A, so f (a) # f (b).

(b) Similarly, if k and j are odd then f (a) and f (b) map two two different elements of C so f (a) # f (D).
(c) Finally, if @ and b are not in C then we have a = f (a) and b = f (b) so f (a) # f (b) directly.

Thus we have one-to-one by contraposition.
Onto: if y € B we need x € B\A such that f (x) = y. There’s three cases:

(a) If y = a4 for some a; € ANB then f (cyx) = ay.
(b) If y = ¢, for some c; € C then f (co—1) = ck.
(c) If y ¢ (ANB)UC then f (y) = y.

To summarize: we have shown that f is one-to-one and onto, and so B\A ~ B.

13. Prove Dedekind’s theorem: A set S is infinite iff there is a proper subset A of S such that A is equivalent to S.

=-: We’ll break this into two cases, one where S is countable and one where it’s not. The case where S is uncountable
stems from Problem 12. Since S is uncountable there exists a countable set A C S; S\A C S but S\A ~ S.

If S is countable, then S = {s1,s2,53,...}. Define f: S\ {s1} — Sas f(s,) = s,—1. Since f is quite clearly one-to-one
and onto, we have S\ {s1} C S but S\ {s1} ~S.

«: This is much easier. Suppose S is finite and let A C S. Then |S]| > |A
contraposition of what we wish to prove.

, S0 S 74 A by Problem 1, giving us the

14. Let R denote the set of real numbers and let S denote the set of all real-valued functions whose domain is R. Show
that S and R are not equivalent. Hint: Assume S ~ R and let f be a one-to-one function such that f (R) =S. Ifa € R,
let g, = f (a) be the real-valued function in S which corresponds to the real number a. Now define h by the equation
1+ gy (x) ifx € R, and show that h ¢ S.

Define f, g, and h as above. Suppose & € S. Then there exists @ € R such that f (a) = h; that is to say, g, = 1 + g, (x)
and g, (x) = 1 + g (x) for all x € R, and in particular x = a. But then we have g, (a) = 1 +g,(a) — 0 =1 which is
obviously a contradiction. Thus & cannot be in S, which itself is a contradiction of the assumption that S is the set of
all real-valued functions. Therefore we must conclude that R and § are not equivalent.



15. For a set A, let P (A) be the set of all subsets of A. Prove that A is not equivalent to P (A). Hint: Suppose
f:A— P(A) and define E={x:x€Aandx & f(x)}. Show E ¢ img (F), where img (F) is defined as

img (F) = {B: B C A and there is x € A such that F (x) = B}.

How is this problem related to #14?

(Note that I’'m using F instead of f to remind myself that it’s a function that gives a set instead of a simple element.)
Suppose E € img (F). Then there exists xo € A such that F (xg) = E. We know that x is either in F (xg) or it’s not in
F (x0).

e Suppose xp € F (xp) = E thenxp € {x:x € A and x ¢ F (x)}. But this means that xy ¢ F (xo), which is a contra-
diction.

e Now suppose xo ¢ F (xo) then xo € E. But this implies xo € F (x() which again is a contradiction.

Either way we reach a contradiction, and so we can only conclude that E ¢ img (F)
This is related to Problem 14 because the range of all real valued functions of R is P (R)\@.

Rudin
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2. A complex number 7 is said to be algebraic if there are integers ay, . .. ,ay, not all zero, such that
"+ an 1 o+ aiz+ag=0.

Prove that the set of all algebraic numbers is countable. Hint: For every positive integer N there are only finitely many
equations with
n+|ao|+|ai|+---+]a,| =N.

Hint 2: the above hint sucks.
This is equivalent to Problem 6.

Really, we did all the work in Problems 4, 5 and 6 above. Let P, be the set of all polynomials of degree n and
define f;, : Z"!' x N — P, x {1,2,3,...,n} Since the Fundamental Theorem of Algebra still applies we can apply the
same argument in 6 to show that P, x {1,2,3,...,n} is countable. The set of all algebraic numbers, which is the set
Un—1 P, x {1,2,3,...,n} is then a countable union of countable sets, and so is itself countable.

3. Prove that there exist real numbers which are not algebraic.

Let A denote the set of algebraic numbers. By Theorem 2.43, R is uncountable. But A is countable. Therefore A
cannot be

which means there must exist numbers in R that are not in A; that is, numbers which are not algebraic.

4. Is the set of all irrational real numbers countable?

No they are not, by a similar argument to Problem 3. The real numbers is the union of Q and R — @ (that is, the rationals
and irrationals). Since Q is countable, the irrationals being countable would make R the union of two countable sets,
and thus itself countable. Since R is uncountable, at least one of the rationals and irrationals must be uncountable, and
since QQ is countable the irrationals must not be.



